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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY

Part I: Linear systems theory
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@ vmimens, o definition and kemels

m A linear time-invariant (LTI) system X = (A, B, C) is a dynamical system
given by the following set of differential equations:

"
=
Il
>
%
=
_|_
oy
£

y(t) = Cx(t). (1)

where x(t) € R",y(t) € R and u(t) € R.
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@ vmimens, o definition and kemels

m A linear time-invariant (LTI) system X = (A, B, C) is a dynamical system
given by the following set of differential equations:

y(t) = Cx(t). (1)
where x(t) € R",y(t) € R and u(t) € R.
m Solving for y(¢) while assuming x(0) = 0:
y(t) = / t CeAl=Bu(r)dr = / t CeA"Bu(t — 7)dr = (hu) (t)

0 0 v N——

h(7) convolution
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@ vmimens, o definition and kemels

m A linear time-invariant (LTI) system X = (A, B, C) is a dynamical system
given by the following set of differential equations:

y(t) = Cx(t). (1)

where x(t) € R",y(t) € R and u(t) € R.
m Solving for y(¢) while assuming x(0) = 0:
t t
y(t) = / CeAl=Bu(r)dr = / CeA"Bu(t — 7)dr = (hu) (t)

0 0 v N——

h(7) convolution

m The impulse response or kernel h(7) = CeA™B describes the input-output
transfer in the time domain.
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COMPUTATIONAL METHODS IN . .
svsTems anp conTroL THeorY — Gramians and Lyapunov equations

The infinite Gramians for a stable LTI system 3 = (A, B, C) are defined as,

oo
P = / ABBT A L, (2)
0

Q= /0 eATtCT CeAtdt. (3)

m The reachability Gramian P quantifies how easily a state is reachable from
the zero state.

m Similarly, the observability Gramian Q quantifies how easily a state is
distinguishable from the zero state.
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COMPUTATIONAL METHODS IN . .
svsTems AND conTroL THEORY  Gramiians and Lyapunov equations

The infinite Gramians for a stable LTI system 3 = (A, B, C) are defined as,
o0 T
P= / eA'BBTeA at, (2)
0

Q= /0 eATtCT CeAtdt. (3)

m The reachability Gramian P quantifies how easily a state is reachable from
the zero state.

m Similarly, the observability Gramian Q quantifies how easily a state is
distinguishable from the zero state.

m The Gramians P, Q satisfy the following (linear) Lyapunov matrix equations,
AP+PAT +BB' =0,
ATQ+QA+C'C=o0.
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i COMPUTATIONAL METHODS IN
8 SYSTEMS AND CONTROL THEORY

Balanced Truncation

m Originally introduced in:

Principal component analysis in linear systems: Controllability, observability, and
model reduction, B. Moore, IEEE Transactions on Automatic Control, 26 (1), 1981.
and
Model reduction via balanced state space representations , L. Pernebo, L.
Silverman, IEEE Transactions on Automatic Control, 27 (2), 382-387, 1982.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROLTHEORY  Square-root BT algorithm (LTI systems)

m Let U,L be square factors of the Gramians, i.e., P = UUT and Q = LL”.
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: COMPUTATIONAL METHODS IN .
: SYSTEMS AND CONTROL THEORY  Square-root BT algorithm (LTI systems)

m Let U,L be square factors of the Gramians, i.e., P = UUT and Q = LL”.
m Compute the truncated SVD of matrix L’ U:

S ERrxr YT
R 3

Reetish Padhi reetish.padhi@students.iiserpune.ac.in dBT for QB systems


mailto:reetish.padhi@students.iiserpune.ac.in

: COMPUTATIONAL METHODS IN .
: SYSTEMS AND CONTROL THEORY  Square-root BT algorithm (LTI systems)

m Let U,L be square factors of the Gramians, i.e., P = UUT and Q = LL”.
m Compute the truncated SVD of matrix L’ U:

S ERrxr YT
vo-tn sl [

m Construct the model reduction bases

W, =LZ;S; "% and V, = UY,S; /2.
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COMPUTATIONAL METHODS IN .
: SYSTEMS AND CONTROLTHEORY  Square-root BT algorithm (LTI systems)

Let U, L be square factors of the Gramians, i.e., P = UUT and Q = LL”.
Compute the truncated SVD of matrix L’ U:

TXT T
LU = (2, )] {SlER ] [YlT }
So

m Construct the model reduction bases
W, =LZ;S; "% and V, = UY,S; /2.
m The matrices of reduced-order balanced system 3, are given by
A, = WAV, = 87227 (LT AU) Y,8; V2,
B, = W/B =827 (L”B),

C, =CV, = (CU)Y,;8; /2
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COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY

Data-driven balancing (QuadBT )

m Originally introduced in:

Data-driven balancing of linear dynamical systems, |.V. Gosea, S. Gugercin, C.
Beattie, SIAM Journal on Scientific Computing 44 (1), A554-A582, 2022.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY MOtivation

m In many applications, we might not have explicit access to the system
matrices A, B, C!
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: COMPUTATIONAL METHODS IN c -
: svstems anp controL Theory  IVlotivation

m In many applications, we might not have explicit access to the system
matrices A, B, C!

m QuadBT algorithm tries to address this very scenario by approximating the
terms LT U,LTAU,L"B and CU (appearing in orange) in the previous
slide with data-driven quantities.

dBT for QB systems
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: COMPUTATIONAL METHODS IN c -
: svstems anp controL Theory  IVlotivation

m In many applications, we might not have explicit access to the system
matrices A, B, C!

m QuadBT algorithm tries to address this very scenario by approximating the
terms LT U,LTAU,L"B and CU (appearing in orange) in the previous
slide with data-driven quantities.

m QuadBT is different from other data-driven BT methods in that it is based
solely on samples of the kernels (time domain) or transfer function
(frequency domain) without requiring access to state trajectories or other
state-based quantities.
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: COMPUTATIONAL METHODS IN o o .
: systems anp conTroL THEoRY  Quadrature approximation of Gramians

m We use quadrature nodes to approximate the square root factors of the Gramians
L and U as follows:

=] ~ Np o
j / ABBTeA i x P = pReAHBB A M =TT,
0

i=1
T AT Na T
Q:/ A tCTCeAtdt,@sz(ﬁEA % CTCeA = TLT,
0 =i

where N, N, denote the number of quadrature nodes used in P and O
respectively, {ui,w;} and {pi, ¢;} denote the quadrature nodes and weights.
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COMPUTATIONAL METHODS IN

svsTems Anp conTroL THeORY  Quiadrature approximation of Gramians

m We use quadrature nodes to approximate the square root factors of the Gramians
L and U as follows:

=] ~ Np o
j / ABBTeA i x P = pReAHBB A M =TT,
0

i=1
T AT Na T
Q:/ A tCTCeAtdt,@sz(ﬁEA % CTCeA = TLT,
0 =i

where N, N, denote the number of quadrature nodes used in P and O
respectively, {ui,w;} and {pi, ¢;} denote the quadrature nodes and weights.

m Observing P and O, we construct the quadrature based square factors U and L.
U~rU= [pleA”lB---preA”NPB] (4)

L~T = [(bleATwlCT o ¢Nq€ATWNq CT] ) (5)
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COMPUTATIONAL METHODS IN . . . .
svstems anp controL THEORY  Replacing intrusive terms with data

m Recall the terms appearing in the BT algorithm i.e. LT ULTAU,L"B and
CU. Start by replacing the LTU term with H = LT U.
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COMPUTATIONAL METHODS IN . . . .
svstems anp controL THEORY  Replacing intrusive terms with data

m Recall the terms appearing in the BT algorithm i.e. LT ULTAU,L"B and
CU. Start by replacing the LTU term with H = LT U.

m The H matrix can be expressed as samples of the kernel h(t) as shown below,

proth(un +wi) ... pn,d1h(pn, +wi)

H= : . :
p1énh(p +wn,) ... pn,oN (N, +wN,)
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COMPUTATIONAL METHODS IN . . . .
svstems anp controL THEORY  Replacing intrusive terms with data

m Recall the terms appearing in the BT algorithm i.e. LT ULTAU,L"B and
CU. Start by replacing the LTU term with H = LT U.

m The H matrix can be expressed as samples of the kernel h(t) as shown below,

proth(un +wi) ... pn,d1h(pn, +wi)
H = . . .

p1énh(p +wn,) ... pn,oN (N, +wN,)

m Similarly, for LT AU we have the term M = LT AU which can be written as

pigih' (p +wi) ... pn,¢1h (pn, +wi)

M = . .. .
PN (1 +wn,) oo pn,on B (N, +wi,)

QuadBT for QB systems
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COMPUTATIONAL METHODS IN

svsTems anp conTroL THeorY — Replacing intrusive terms with data

m Similarly, LTB ~ § = LT B can be written as

¢1h(wr)

g:

?1 h(qu)
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: COMPUTATIONAL METHODS IN . . . .
: svstems anp controL THEORY  Replacing intrusive terms with data

m Similarly, LTB ~ § = LT B can be written as

¢1h(wr)

«@
I

?1 h(qu)

m Finally h = CU vector can also be expressed as samples of the kernel h(t)
as shown below,

h=[pth(u1) ... pn,h(un,)]
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: COMPUTATIONAL METHODS IN . . . .
: svstems anp controL THEORY  Replacing intrusive terms with data

m Similarly, LTB ~ § = LT B can be written as

¢1h(wr)

?1 h(qu)

m Finally h = CU vector can also be expressed as samples of the kernel h(t)
as shown below,

h=[pth(u1) ... pn,h(un,)]

m Having replaced all four terms with data-driven quantities, we are now ready
to state the QuadBT algorithm.
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COMPUTATIONAL METHODS IN .
@ svstems anp conroL THeorY  QuadBT algorithm for LTI systems

m Put together the data matrices:

= Compute the truncated SVD of matrix H € RNa*Ne

~ s S Y/
H = ~ ~
[Zl Zz} l 321 [Y; ]
m The matrices of the reduced-order data-driven system X, are given by
A, =Whar = 87122 (M) Y82,
=k = 5,12 9),

, =% = (h) Y82

Q. W
|
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i COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY

Part Il: Quadratic-bilinear (QB) systems
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COMPUTATIONAL METHODS IN o .
@ sysTeEms anD conTRoL THEORY  Definition and properties

Quadratic-bilinear (QB) systems are denoted by the following equations,
x(t) = Ax(t) + H(x(t) ® x(t)) + Nx(t)u(t) + Bu(t),
y(t) = Cx(1),

where u(t) € R,x(t) € R™ and y(t) € R.

m We stick to the SISO case for simplicity.

m WLOG the matrix H can be considered to be the 1-matricization of a tensor
H, where HD = 1),

A large class of nonlinear systems can be written as QB systems using lifting
making it an important class of systems.
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COMPUTATIONAL METHODS IN
@ systems anp controL THeory — Kernels of QB systems

m The solution x(t) of the QB system X8 can be expressed as the sum of
infinite subsystems as x(t) = >~ | xx(t) given by

X1 (t) = Axi(t) + Bu(t),
k—1

Xk (t) = Axp(t) + Nxp_1 (Bu(t) + Y H(xi(t) @ xx_i(t)) for k> 1.
=1
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COMPUTATIONAL METHODS IN
@ systems anp controL THeory — Kernels of QB systems

m The solution x(t) of the QB system X8 can be expressed as the sum of
infinite subsystems as x(t) = >~ | xx(t) given by

X1 (t) = Axi(t) + Bu(t),
k—1

Xk (t) = Axp(t) + Nxp_1 (Bu(t) + Y H(xi(t) @ xx_i(t)) for k> 1.
=1

m The solution of x(t) is given by

t k=1 .t
xk(t):/0 eA(tT)ka_l(T)u(T)dT+Z/O AT H (x4 (1) @xp—i (7)) dr

Reetish Padhi reetish.padhi@students.iiserpune.ac.in QuadBT for QB systems


mailto:reetish.padhi@students.iiserpune.ac.in

COMPUTATIONAL METHODS IN
@ systems anp controL THeory — Kernels of QB systems

m The solution x(t) of the QB system X8 can be expressed as the sum of
infinite subsystems as x(t) = >~ | xx(t) given by
%1(t) = Axy () + Bu(t),
k-1
Xk (t) = Axp(t) + Nxp_1 (Bu(t) + Y H(xi(t) @ xx_i(t)) for k> 1.

i=1

m The solution of x(t) is given by
t k=1 .t
xk(t):/ eA(t*T)ka_l(T)u(T)dTﬁ—Z/ AT H (x4 (1) @xp—i (7)) dr
0 —Jo

m Finally this gives us, y(t) = CY 7o, xx(t).
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: COMPUTATIONAL METHODS IN
@ systems anp controL THeory — Kernels of QB systems

oo t k-1 i
v =3 / CeAt—TNx,_y(r) u(r)dr + 3 / CeAU= H(x, (1) ® %3 (7)) dr
k=1 \ Y0 i=170

Bilinear contribution Quadratic contribution

m Unlike the linear case, we don't have a single kernel h but a collection of them.
m Then, the QB kernels are,
K, ={Ce*'B}
K ={Ce*"'Ne?2B, Ce* H(e*2B ® ¢**B)}
K; ={Ce*"'Ne?2Ne B, Ce* ' Ne*2H(e** B ® ¢ B),
Ce*H(e*2B @ e**H (B @ ¢**B),
Ce*"H(e*2B @ e?*Ne?'B)), Ce* ' H(e??Ne®3 B @ ¢4 B),
Ce™"H(e*2H(e* B ® e*B) ® ¢*9B))}
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: COMPUTATIONAL METHODS IN .
g sysTems anp conTroL THEORY  Kernel notation

m Having defined the kernels, we now need a way to notate them.

m Some examples:
hy N (t1, te, t3) = Ce 1 N2 N5 B
hy 7 (b, ts, 1) = CeMINEAH (eAt3B ® eAt“B)
by (0t ta, ta) = CATH (APB @ eMINAUB

hy N ) = CeAM H (eAt2H (eAtSB ® eAt4NeAt5B) ® eAt6B>
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COMPUTATIONAL METHODS IN
@ SYSTEMS AND CONTROL THEORY 5ummary = QB kernels

m The output of the QB system can be broken into contributions from
infinite subsystems.

y(t) = CXl(t) + CXQ(t) + ...

m Each subsystem has associated with it some finite number of kernels.

Ky = {CeAl'NeA2B, CeAH(eA2B @ A B)}

m There is a way to enumerate and notate the kernels of the QB system.

h3N7N(t1, to, tg) = CeAtl NeAt2 NeAt3B
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COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY

Balanced truncation (BT ) for QB systems
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COMPUTATIONAL METHODS IN

sysTEMS AND conTROL THEORY  Gramians for QB systems

m The QB Gramians are difficult to compute, which is why using truncated
Gramians is sometimes advised [Benner/Goyal '17] .
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COMPUTATIONAL METHODS IN .
@ sysTEMS AND conTROL THEORY  Gramians for QB systems

m The QB Gramians are difficult to compute, which is why using truncated
Gramians is sometimes advised [Benner/Goyal '17] .

m The (truncated) Gramians of the QB system P, Q, are defined as,
oo T oo T
Py :/ ABBT M tat Qi =/ A teTCetMat
0 0
o T AT
P2:/ MNP N T e tdt ng/ eA INTP NeAtdt
0 0

oo oo
P; = / AHP, @ PH A tdt Qs = / ATH® (P @ Q) HP T Aty
0 0

Pr=P; +Py+P3 Qr=Q1+Q2+Qs
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COMPUTATIONAL METHODS IN .
@ sysTEMS AND conTROL THEORY  Gramians for QB systems

m The QB Gramians are difficult to compute, which is why using truncated
Gramians is sometimes advised [Benner/Goyal '17] .

m The (truncated) Gramians of the QB system P, Q, are defined as,
oo T oo T
Py :/ ABBT M tat Qi =/ A teTCetMat
0 0
o T AT
P2:/ MNP N T e tdt ng/ eA INTP NeAtdt
0 0

oo oo
P; = / AHP, @ PH A tdt Qs = / ATH® (P @ Q) HP T Aty
0 0

Pr=P; +Py+P3 Qr=Q1+Q2+Qs

m They present the balanced truncation for QB systems using the truncated
Gramians.
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COMPUTATIONAL METHODS IN . .
g sysTems anp controL THEorY  Classical BT algorithm (QB systems)

m Let U,L be square factors of P, = UU” and Q, = LL7.
m Compute the truncated SVD of matrix L’ U:

L'U = (2, Zo] {Sl Sz] [§§ }

m Construct the model reduction bases

W, =LZ;S; "% and V, = UY,S; /2

m The matrices of reduced-order balanced system 3, are given by
A, =WTAV, =87 22T (L7 AU) Y872,
B, = W/B = 8;'/?zT (”B),
C, =CV, = (CU)Y,S; "%
H, = W/H(V, @ V,) =S772ZT (LTH(U & U)) (Y187 /* © Y 87/?),

N, = W/NV, =s;/?zT (L"NU) Y,8; /2.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY

QuadBT for QB systems
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COMPUTATIONAL METHODS IN . . .
svsTems AnD conTroL THEORY  Quiadrature approximations of Gramians

m Just like in the linear and LQO case, the truncated QB Gramians and their square
root factors are approximated as:

Zp2 AnigRT A 1 U, = [pleA”lB...preA“NpB]
Zp2 A“"ijlﬁINTEATM U, = [pleAulNﬁl .. .preA“Np ijl]
P
= Zp?eAMH ('Pl ® 'Pl) H A Uz = [PleAmH (Ul ® Ul)
. .preAHNPH (61 ® 61)]

m Finally we write ij = [616263}.
m A similar calculation follows for L.

m For simplicity, we assume unity weights and N, = N, = N.
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COMPUTATIONAL METHODS IN .
svsTems anD controL THEORY  [ntrusive terms to be replaced!

Let U and L be as discussed above, define the matrix H= f;TfJ', then we have,

forLlUl, i,j=1,

hy (wi + p15),

hQN(w1+/~‘L]7/'Lk)7 for Ll U27Z_k:1

h?(wi‘i‘ﬂjyﬂhﬂl), for Ll U377'_l:1

h (wi, w; + ), for L2 U1 i—k=1,
H= h3N’N(wi,wj+uk,pl), for L2 Ug,z—l—l

hSN,H(whwj +//4k,/l4l,ﬂm), for L2 U377'_ -

hi (wi, g, wi + ) T, for L3 Ul,z—l—l

H(—,N) T
h3 (wi,ﬂk,wj+ﬂl,/lm) ) for :E‘B 9277'_ =
h?(_,H)(wi7/~l’kij +,ul7.um7°~)n)—r7 for L;U3,’I:—TLI 1,

H has the structure of a Hankel matrix (see [Antoulas '05] ) given by

LU, LU, L{Us
H=|LJU; LJU, LJU,
L{U, L]U, L]Us

€ RAVHNHN?)x (N+N?+N?)

QuadBT for QB systems
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: COMPUTATIONAL METHODS IN -
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m Construct the quadrature-based approximations:

2
I

LTAU~LTAU
L"NU~L'NU
K=L"H(U ® U) ~ LTH(U @ U)
h=L"B~L'B

j=CU~CU

22
I
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: COMPUTATIONAL METHODS IN -
sysTems anp conTroL THEORY  |t’s all datal

m Construct the quadrature-based approximations:
M=LTAU~LTAU
N=L"NU~L'NU
K=LTH(U ® U) ~ LTH(U ® U)
h=L'B~L'B

j=CU~CU

m The entries of each of these matrices |\~/|, N, R,ﬁ and ¢ can be written in
terms of the samples of QB kernels.
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: COMPUTATIONAL METHODS IN -
sysTems anp conTroL THEORY  |t’s all datal

m Construct the quadrature-based approximations:

M=LTAU~LTAU
N=LTNU=~L'NU
R =

L"H(U @ U) ~ LTH(U @ U)
h=L"B~L"B
j=CU~CU

m The entries of each of these matrices |\~/|, N, R,ﬁ and ¢ can be written in
terms of the samples of QB kernels.

m We are finally ready to present the Quad BT algorithm for QB systems.
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m Put together the data matrices:

m Compute the truncated SVD of matrix H :

- 5 3Jf]

m The matrices of the reduced-order data-driven system 35,. are given by

A, =Wk, = 87277 (M) Y, 872,
B, = WHE =8,z (0).

C, === (h) Y187 /%

N =0 = s;%Z] (N)Y, 872

TE=T1) = S; /22T (K)(Y1S;* 2 Y18 ')
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: COMPUTATIONAL METHODS IN
@ systems anp controL THEORY Al that shines is not gold'

Are we done? Not quite.

1. How to avoid forming the Kronecker product ?fSTUQ ® ?1§f1/2 appearing in
the expression for H,.?
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Are we done? Not quite.

1. How to avoid forming the Kronecker product ?1§;1/2 ® ?1§f1/2 appearing in
the expression for H,.?

[Benner/Breiten '15] address this problem and provide ways to compute this without
explicitly forming the Kronecker product.
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Are we done? Not quite.

1. How to avoid forming the Kronecker product ?1§;1/2 ® ?1§f1/2 appearing in
the expression for H,.?

[Benner/Breiten '15] address this problem and provide ways to compute this without
explicitly forming the Kronecker product.

2. The size of H grows cubically with N which makes calculating SVD of H difficult.
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Are we done? Not quite.

1. How to avoid forming the Kronecker product ?1§;1/2 ® ?1§f1/2 appearing in
the expression for H,.?

[Benner/Breiten '15] address this problem and provide ways to compute this without
explicitly forming the Kronecker product.

2. The size of H grows cubically with N which makes calculating SVD of H difficult.

To deal with this, we consider replacing U, with a fewer node approximation U1 in
the expression for U, and Us.
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: COMPUTATIONAL METHODS IN
@ systems anp controL THEORY Al that shines is not gold'

Are we done? Not quite.

1. How to avoid forming the Kronecker product ?1§;1/2 ® ?1§f1/2 appearing in
the expression for H,.?

[Benner/Breiten '15] address this problem and provide ways to compute this without
explicitly forming the Kronecker product.

2. The size of H grows cubically with N which makes calculating SVD of H difficult.

To deal with this, we consider replacing U, with a fewer node approximation U1 in
the expression for U, and Us.

fjg = [pleAulNﬁl .. .preA'uNP Nﬁl] € RnXNg
U, = {pleA“leJl . ..preA“NPNle] e R Nem

where n; << Nj.
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COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY

m FOM = Burgers quadratic equation with (n=150)

Numerical results (Burgers Quadratic)

m Construct ROMs of dimension » = 31 using BT and QuadBT .

0 Comparison of the HSVs for the FOM and ROMs
10 T T T T
e FOM
O BT
105" O @BTH

Magnitude
3
>

-

o
N
(4]

1020 ‘
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COMPUTATIONAL METHODS IN .
@ svstems anp controL THEORY  Conclusions and Qutlook

m Successfully extended Quad BT to QB systems

m MIMO case follows immediately with the only difference being that
the kernels are no longer scalars but matrices in R™*P

m Adaptive schemes to pick quadrature nodes cleverly would be
something interesting to try
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